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Abstract 

We examine the elliptic system given by 

-Au = i;P, -Aw^u", inR^, (1) 

for \ < p <9 and the fourth order scalar equation 

A^u = u\ in M^, (2) 

where 1 < 9. We prove various Liouville type theorems for positive 
stable solutions. For instance we show there are no positive stable 
solutions of (H]) (resp. ([2])) provided TV < 10 and 2 < p < 9 (resp. 
TV < 10 and 1 <9). Results for higher dimensions are also obtained. 
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1 Introduction 

In this article we examine the nonexistence of positive classical stable solu- 
tions of the system given by 

-Au = z;P, -/\v = u\ iuM^, (3) 
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where 1 < p < 6. We also examine the nonexistence of positive classical 
stable solutions of the fourth order equation given by 

A\ = in M^, (4) 

where ^ > 1. For our approach we prefer to recast this scalar equation 
into the framework of (l3|). So towards this suppose 1 < 9 and < u is 
a smooth solution of Define v := —Au. By |26) v > and hence 
{u,v) := {u, —Av) is a smooth positive solution of ^ with p = 1. 

We now define the notion of a stable solution and for this we prefer to 
examine a slight generalization of ([3]) given by 

-Au = f{v), -Av = g{u), in M^, (5) 

where f,g are positive and increasing on (0,oo). 

Definition 1. We say a smooth positive solution {u,v) of ^ is stable pro- 
vided there exists < (,x smooth with 

-AC>f'{v)x, -Ax>g'{u)C inM.^. (6) 



This definition is motivated from |22) , also see (jl2p . Note that this notion 
is closely related to the linearized stability of ([5]). 

Remark 1. Note that the standard notion of a stable positive solution of 
A^u = in M^, is that 

-l-,2 



u'-'Y < J {AjY, (7) 

for all 7 G C^(M'^), which differs from our notion. We won't show that a 
stable solution in this classical sense implies stability in our sense but we 
do show the following, see Lemma O' suppose u is as above. Set (u, v) := 
{u,—Au). Then {u,v) is a positive solution of ^ with p = 1 and which 
satisfies: for all R > there is Cr^XB. > in Br := {x G : |x| < R} 
with -ACr > XR, -AxR > Ou^~^Cr in Br. 

This notion of stability will be sufficient to prove the stability inequality 
11) which is the starting point for our approach, see Remark\^ 



We define some parameters before stating our main results. Given 1 < 
p < 9 we define 



p9{p+l) p9{p+l) p9{p+l 



\/ ^ + 1 V + 1 V 9 + 1 
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+ 1 V "^ + 1 V 61 + 1 
Properties of 

(i) ^0 — 1 — ^^'^ these inequalities are strict except when p = 6 = 1. 

(ii) is decreasing and is increasing in z := ^^g^"^"^^ and hm^-j^oo *o = ^• 

We now state out main theorem. 
Theorem 1. (Lane-Emden System) 
1. Suppose 2 < p < 9 and 



4(9 + 1) 
pO - 1 



Then there is no positive stable solution of In particular there is 
no positive stable solution of for any 2<p<9ifN< 10; see 
Remark 

2. Suppose I < p < 9, 2tQ < p and (8\) holds. Then there is no positive 
stable solution {u, v) of ^ with u bounded. If > 2 one can drop the 
requirement that u is bounded. 

Theorem 2. (Fourth Order Scalar Equation) Suppose that 1 = p < 9 and 

N<2+'Jl±^4. ,9) 

Then there is no positive stable solution of (0)- In particular there is no 
positive stable solution of when p = 1, for any 1 < 9 if N < 10. 



Remark 2. We are interested in obtaining lower bounds on the right hand 
side of in the case where 2 < p < 9 , and so we set f{p, 9) := -^^^q ■ 

We rewrite f using the change of variables z = ^^gK^^^ to arrive at 



and the transformed domain is given by 

= {{p^ : P > 2, p'^ < z < p"^ + p}. 
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Set pi{z) '■= + ^^2"^^ > P^i^) — ^''^d note that pi and p2 are the left 
and right curved part of dD. A computer algebra system easily shows that 
f > 8 on dD. Note that dpf ^ on D and so for each z > 6 we have 

min{/(p,2) :pi(z) < p < P2{z)} > m.m{fipi{z), z), f {p2{z), z)} > 8, 

and hence we can conclude that f > 8 onD which gives us the desired result. 

There has been much work done on the existence and nonexistence of 
positive classical solutions of 

- An = u^, in M^, (10) 

for instance see [S], [B], [I7j,[TH]. It is known that there are no positive 
classical solutions of ([TO]) under various decay assumptions as |x| — )• 00 
provided that 

N + 2 

and in the case of = 2 there is no positive solution for any p > 1. 
We further remark that this is an optimal result. It is well known that a 
Liouville theorem related to (jlOp implies apriori estimates of solutions of the 
same equation on a bounded domain, see [5], [T7] . 
In [15] the equation 

-Au = \uf''^u, inM^, (11) 

was examined. They completely classified the finite Morse index solutions 
of (llip . It was shown there exists nontrivial finite Morse index solutions of 
pT]) if and only if > 11 and 6 > 6jl where 6jl the so called Joseph- 
Lundgren exponent. 

In [2Z] the nonexistence of stable solutions (in the standard sense, see 
Remark[T]) of (j4]) was examined. It was shown that there is no positive stable 
solutions of dlD provided either: iV < 8 or iV > 9 and 1 < 9 < + en 
where eat is some positive, but unknown parameter. 

As mentioned above Liouville theorems are extremely useful for the exis- 
tence of apriori estimates. One may ask the justification of adding the extra 
condition that the solutions be stable, which we now address. 

Suppose one is interested in solutions of 



-Au = \f{u) in CC M^, 
, = on do. 
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where A is a positive parameter and / is a positive smooth convex increasing 
nonhnearity which is super hnear at oo. This equation is now well under- 
stood, see[Il[2l[3lll[IIl[Ill[l6l[20l[2ll[23]. We now hst some properties of 
{Q)\- It is well known there exists a critical parameter < A* < oo such 
that for all < A < A* there exists a smooth solution of {Q)x and for A > A* 
there are no weak solutions of {Q)\- For each < A < A* there exists a 
smooth minimal (in the pointwise sense) solution ux which is increasing in 
A. This allows ones to define the extremal solution n*(x) := limxyx* ux{x), 
which can be shown to be a weak solution of {Q)x*- The question of the 
whether u* is a classical solution or a singular weak solution is a delicate 
issue and either case is possible as examples show. In trying to prove u* is a 
classical solution one needs to utilize the fact that u* is a minimal solution 
of {Q)x* and it can be shown that this implies u* is a stable solution in the 
sense that the linearized operator L := —A — X* f'{u*) has a nonnegative 
first eigenvalue in Hq{Q,). Since L is self adjoint this translates into the 
stability inequality 

for all (j) G Hq{Q). We now suppose f{u) = {u + 1)^ where 1 < 6. There are 
generally two approaches in trying to show that u* is a classical solution. The 
first is to use the stability inequality to obtain sufficient integral estimates 
on u* to imply u* is bounded. The second approach is to use a rescaling 
argument: suppose u* is not a classical solution and so there is A^ A* 
and Xm G ^ such that ux^{xm) = max^ ux^ = Tm oo. We now set 

'^m\X) '■ — ) X t Sim ■ — \X ■ Xm + fmX t Sij^, 

m 

and where Xmr^T^^ = 1. Then —Avm{x) = {vm{x) +T,~^y in 0.^. and 
< 

Vm ^ 1 in with Vm{0) — 1- The stability of ux^ implies the stability 
of Vm and passing to the limit shows that Vm converges to a nonzero stable, 
bounded solution of —Av = in ftoo which is either M.^ or possibly a half 
space. If we assume its the first case, and if we have a Liouville theorem 
which says there are no positive bounded stable solutions on then we 
would obtain a contradiction and hence we'd have u* is bounded. 

We now examine some bounded domain analogs of ([3]) and (|4]) . We begin 
by examining 



Au 


= Xf{v) 


n 


■Av 


= 19{u) 


n, 


u 


= v = {) 


on, 
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where is a bounded domain in R and where /, g are smooth, positive in- 
creasing nonhnearities which are superhnear at oo. Set Q = {(A, 7) : A, 7 > 
0}, U := {(A, 7) S Q : there exists a smooth solution {u,v) of (-P)a,7} , and 
set T := dUn Q. Note T plays the role of the extremal parameter A* in the 
case of the system. For all (A, 7) G there exists a smooth minimal solution 
u\^^) of (-P)a,7) and again one can use the monotonicity of the minimal solu- 
tions to define an extremal solution (u*,v*) for each (A*, 7*) S T. To show 
the regularity of {u* ,v*) we will need to use the minimality of the minimal 
solutions to obtain added regularity. In [22] a generalization of {P)x,-y was 
examined and various properties we obtained. One important result was 
that the minimal solutions {u,v) = {u\^j,vx,-y) were stable in the sense that 
there was some nonnegative constant ry and < C, x £ Hq{Q) such that 

-AC = Xf{v)x + vC, -Ax = Wiu)C + rjx, in n. (12) 

It is precisely this result that motivates our definition of a stable solution of 
([3]). Very recently, in [^, the regularity of the extremal solutions associated 
with (-P)a,7 was examined in the case of f{v) = {v + 1)^ and g{u) = {u + 1)^ 
where 1 < p < 0. It was shown that the associated extremal solutions were 
bounded provided condition ^ holds. In [9] the fourth order problem 

r A\ = xf{u) n, 

^ \ u = Au = dn, 

where Q is a bounded domain in was examined in the case where f{u) = 
and f{u) = {u + 1)^. In the case of f{u) = e", the previous best known 
result was from [8] where it was shown that u* was bounded provided N < 8. 
In [9] this was improved to < 10 but this still falls far short of the expected 
optimal result that u* is bounded for N < 12, which has been proven on 
radial domains, see [12]. In [9] we showed the extremal solution associated 
with (A^)a in the case of f{u) = (n + 1)^ is bounded provided condition Q 
holds. Again these were major improvement over the best known previous 
results, again from [8], but fall short of the expected optimal results, see 
for the radial case. 

Note that our results in the current work are expected after viewing the 
recent works on the regularity of the extremal solutions on bounded domains. 
It should be noted that even if this is to be expected, these results are not 
straightforward adaptions of the regularity results on bounded domains. 
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1.1 A brief outline of the approach 

Here we give a brief outline of the approach we take. Suppose (u, v) is a 
smooth positive stable solution of ([3]) with 2 < p < 9. We begin by showing 
that stabihty imphes 



-1 p-i 



u—v—(i)^ < J |V(/)|^ 

for ah </> G C~(M^). Using as a test function (/) = v^-f where 7 G C;?°(M^) 
and using the pointwise comparison [9 + > (p + l)u^'^^ in M^, which 

holds without stability; see |25j, we obtain an inequality roughly of the form 

nV*-V<Cty" v^'\V^\\ (13) 

for all < t < Iq . One also has the following integral estimates, see |24] 

,f r, 2(p+l) 

yP <CR^'^'l^, (14) 

which also holds without the stability assumption. As a first attempt we 
assume that t^K^Kt^ and so we can take 2t = p in (I13p and we assume 
that < 7 < 1 with 7 = 1 in Br and is compactly supported in B2R. We 
then use (fT3]l and (fH|l to see that 

for all > 0. Provided this exponent is negative then we get a contradiction 
by sending i? — t- 00. Note this implies there is no positive stable solution of 
([3]) for < 4 for any 2 < p < 9. Now since we expect v to decay to zero at 
00 one would expect to obtain better results if we can choose t > |. To do 
this we examine the elliptic equation which satisfies and we use elliptic 
regularity theory along with ()13p and (jl4p to obtain integral estimates on 
^pa for 1 < a < -^^^^2 • We can iterate this procedure, as long as the range of t 
in (I13p allows, looking at increasing powers of v to obtain integral estimates 
of V for higher powers. These higher power integral estimates allow one to 
obtain better results. 

Remark 3. The condition 21^ < p in the second part of Theorem U\ is 
needed so as to start the iteration procedure. 

In the case of the fourth order scalar equation we start the iteration 
using an integral estimate of v := —Au, which is due to \21^. We believe 
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that one could use the methods developed there to possibly get some integral 
estimates on v in the case where p > 1 which would allow one to drop the 
condition that 2tQ < p. 



2 Proof of Theorem [T] and [2]. 

We begin with some integral estimates which are vahd for any positive so- 
lution of dS]). 

Lemma 1. [23] Suppose {u,v) is a positive solution of ^ with 1 < p < 9. 
Then 



Br 



2(P+1) 



A crucial ingredient in our proof of Theorem [T] is given by the following 
pointwise comparisons. 

Lemma 2. 1. ^25^ Suppose that {u,v) is a smooth solution of ^ and 
1 < p < 9. Then if either 2 < 9 or u is bounded, we have 

+ l)„P+i > (p + 1)^^+1 inR^. (15) 

2. \27^ Suppose that u is a smooth stable solution of with 1 = p < 9. 
Then there exists a smooth positive stable bounded solution of ^B^, 
which we denote by u and which satisfies 

(6' + l)?)2 > inR^, (16) 

where v := —An > 0. 

Remark 4. • At first glance second part of the above lemma seems a bit 
strange. But recall we are proving a nonexistence result and hence if we 
assume the existence of a stable positive solution (n, v) then there exists 
a stable positive solution (u, v) with u bounded and this allows one to 
obtain the comparison between u and v. We then end up arriving at 
a contradiction. Because of this result we will always just assume our 
stable positive solution {u,v) of in the case p = 1, satisfies u is 
bounded. 

• We suspect that the condition: either 2 < 9 or u is bounded, from the 
first part of the lemma, can be removed using ideas from J 271 and ]23^ . 
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The following lemma transforms our notion of a stable solution of ^ into 
an inequality which allows the use of arbitrary test functions. A bounded 
domain version of this was proven in [7j but we include the proof here for 
the readers sake. We remark that this result was motivated by a similar 
result in [TU] . 

Lemma 3. |^ 

Let (n, v) denote a stable solution of Then 



Vf'{v)9'{u)cP^ < / |V0p (17) 



for all (p e C, 



Proof. Let (n, v) denote a stable solution of ([5]) and so there is some < C,X 
smooth such that 



C C X X 



Let ■0 S C^{W ) and multiply the first equation by (p and the second 
by '0^ and integrate over to arrive at 

where we have utilized the result that for any sufficiently smooth > we 
have 

' -AE 



E 

for all G C;?°(M^). We now add the inequalities to obtain 

{f'{v)<t?)^ + ig'iu)^;^)^ < [ \V<P\^ + IWP. (18) 

C X J 



Now note that 



2y/f'{v)g'{u)^ij < 2tf'{v)^'' + ^5'(n)V', 



for any f > 0. Taking 2t = gives 



2.Jnv)g{u)H < invH'')^ + (5'(n)V')-: 

^ X 



and putting this back into p8|) gives the desired result after taking (/) = 
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Remark 5. Suppose {u, v) is a positive smooth solution of (0j which only 
satisfies the finite domain version of stability introduced in RemarkUl Sup- 
pose 7 G C?°(M.^) whose support is contained in Br. If one replaces (" with 

2 

Cr and X with XR one sees the same proof remains valid and hence we still 
have p7\ ) for solutions which satisfy this slightly weaker notion of stability. 

For integers k>-l define Rk := 2^R for R>0. 

Lemma 4. Suppose {u, v) is a smooth, positive stable solution of satis- 
fying the hypothesis from Lemma\^ Then for all t^ <t <tQ there is some 
Ct < oo such that 



22fc^2 



for all < R < oo. 



Proof. Let {u,v) denote a positive smooth stable solution of Let 7 
denote a smooth cut-off function which is compactly supported in Br^^^ 
and which is equal to one in Br^. Put (j) '■= into (fT7|) to obtain 

j u^n^u^V <t^ j w^*~^|V?;p72+ j ?j2*|V7p+2t j v"^^'^ -fV vV . 

We now re-write the left hand side as 

and we now use the the pointwise bound p5p to see the left hand side is 
greater than or equal to 



e + 1 

and hence we obtain 



pe{p+l) I ^e^2t-1^2 ^^2 j ^2t-2|^^|2^2^ j ^2i|^^|2^2t j V^'-'jVvVj. 



+ 1 



Multiply —Av = by v^* "^7^ and integrate by parts to obtain, after some 
rearrangement 

+2 / „,2t-2|v7„,|2„2 ^ ^ / „.e,,2t-l,,2 / „,2t-l. 



t' / v''-'\Vv\'-i' < —— / u'^w^^-^7" - -— - / v''-'^Vv ■ V7. 
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We now use this to replace the first term on the right in the above inequahty 
to obtain 



+ 1 2t-l J ' - J 2{2t - 1 



and from this we easily get the desired result after considering the support 
of 7 and how IV7P and A7 scale. 

□ 

In what follows we shall need the following result, which is just an 
elliptic regularity result with the natural scaling. 

Lemma 5. For any integer k > and 1 < a < there is some C = 

C{k,a) < 00 such that for any smooth w >0 we have 




Assumption. For clarity reasons we now suppose that 1 < p for the re- 
mainder of this section. In the next section we return and point out the 
necessary adjustments needed for the case of the fourth order scalar equa- 
tion when p = 1. 

The following lemma will be our starting point for an iteration which 
gives estimates on higher powers of v. 

Lemma 6. Suppose that (u, v) is a smooth positive solution of |^ and the 
hypothesis of Theorem{l\ are satisfied. Then for all k > —1 there is some 
C < 00 such that 



Bn ^ JBn 



for all < R. 



Proof. First note that 2tQ < p either by hypothesis or in the case where 
2 < p since < 1 except when p = 9 = 1. Also a computation shows 
that p < 2tQ and so taking 2t = p in Lemma H] is allowed and the result is 
immediate. 

□ 
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Proposition 1. (Iteration) Suppose that {u,v) is a stable smooth positive 

N 



solution of Let n > 1 be an integer and suppose that 1 < aj < for 



all 1 < j < n and pan-i^- < 2tQ (here am^. := IT^^^ak) and 1 < On < 7v32- 
Then there exists some C = C{n, ai) < oo such that for all 1 < R we have 



1 



Bf 




where 

N ( 1 
Cn := - ^ - 1 
p \an\ 

Using the above iteration result one easily obtains the following. 



Corollary 1. Suppose {u,v) is a smooth stable positive solution of ^ sat- 
isfying the hypothesis of Theorem{^ Suppose p < (3 < Then there is 
some integer n > 1 and C < oo such that 

v^) " < CR^'^T^'p^ [I yP] , (19) 




'Bn J 
for all 1 < R. 

Proof of Proposition [H First iteration. Set w := and note that 
\Aw\ < CfP-2|V7;|2 + CvP-\^. 

We will apply Lemma [5] and so we need to estimate the norm of the 
terms on the right. Note the second term on the right is already estimated 
from Lemma [6] and so we estimate the first term. Let (p denote a smooth 
cut off with = 1 in Br^^.^ and compactly supported in Br^^^. Multiply 
— = by and integrate by parts and apply Young's inequality 

to arrive at 



where C depends on k but not on R. From this we see that 
\Aw\ <C j u'vP-^ + 
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and we now use Lemma [6] to see that 
We now use apply Lemma [5] to see that 

for all 1 < a < jf^- We now set a = ai and rearrange this into 

( [ vP'^^dxY ' <CR^^^'^U [ vPdxY . (20) 



Second iteration. Let 1 < ai < and set w := vP"'^ . A computation 
shows that 

\Aw\ < CfP"i-2|v^|2 ^ c7^P"i-i^e^ 

and again we want to apply Lemma [5] so we need to estimate norm 
of right hand side. Let </) be a cut off function with (j) = 1 in Bji.^^ and 
compactly supported in Br^^^ where we will pick i later. We now proceed 
as in the first iteration to obtain a bound on the gradient term; ie. multiply 
—Av = by vP'^^'^cjP' and integrate by parts and apply Young's inequality 
to see 



where again the C can depend on i but not R. We now make the assumption 
that not only is 1 < ai < but that we also have 2t : = pai < 21^. Note 
it is clear that pai > 21^ since ai > 1 We then use Lemma |4] to see that 



and hence we have 

C 



.+1 ^ 
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Combining the above results we obtain 



A«;| < ^ / v^^K (21) 



We now apply Lemma [5] to see that 



1 

Br, / JBa 



i+3 



for all 1 < 02 < ]\rr2- We now recall what we have (and rewrite it slightly): 
for all 1 < ai < j^/^ with pai < we have 



We now use the first iteration with k = i + 3 to replace the right hand side 
to obtain 

\ / \ - 



A third iteration shows: suppose that 1 < ai < for 1 < ^ < 3 and 
pQ;ia2 < 2^0" 

where 

/ 1 — Q'j 1 — ao 1 — ai 

Cs := - ^ + + ^ 

p \a1a2a3 aia2 

If denotes the the corresponding exponent from the i'th iteration, then 

after a bit of rearranging we have 

A^(l-ai) . N (\-a2 \-ax 

(,1 = , (,2 = — \ 

If one now performs an iteration they obtain: suppose n > 1, with 1 < 
ai < -j^^ for all 1 < i < n and pQ„_i! < 2t^. Then there exists some 
C = C(n, Qj) < 00 such that 

/ \ ^— / \ i 



14 



where 



_ AT " 1 _ «fc 

~ / 



One can simplify this expression to 



□ 

Completion of the proof of Theorem [H Suppose iu^v) is a smooth 
positive stable solution of ([3]) and the hypothesis of Theorem [T] are satisfied. 

Let p < (3 < jy_2 . Combining Corollary [T] and Lemma [T] there is some 
C < oo such that 



f vP ] < CR 
Jbr J 

for all i? > 1. If this exponent is negative then after sending i? — >• oo we 
obtain a contradiction. Note the exponent is negative if and only if we have 

p9-l ' 

and after considering the allowable range of /? we obtain the desired result. 

□ 



3 Proof of Theorem [2] continued 

We now assume that 1 = p < 9. If one uses the exact same proof as used 
in the proof of Proposition [1] but rather than starting the iteration at v'^ we 
start at v'^ one arrives at the following: 

Proposition 2. Suppose that {u, v) is a stable smooth positive solution of 
(3^ with p = 1. Let n > 1 be an integer and suppose that 1 < aj < for 
all 1 < j < n and a„_i! < and 1 < a,„ < j^^- Then there exists some 
C = C{n,ai) < oo such that for all 1 < R we have 




We then obtain the following: 
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Corollary 2. Suppose that {u, v) is a stable smooth positive solution of ^ 
with p = 1. For all 2 < 13 < -^^t^ there is some C < oo and integer n > 1 
such that 

< CR~^^~'> I / \ , (22) 



iL/) 




for all R>1. 

Critical to our approach in the case of p = 1 is the following result: 



Lemma 7. |^7f Suppose that [u, v) is a stable smooth positive solution of 
with p = 1. Then there is some C < oo such that 



v^KCR""''-^^, 

Br 



for all R>0. 



We now combine Corollary [2] and Lemma [7] and argue as in the proof of 
Theorem [1] to obtain Theorem [2j 

The following lemma shows that the classical notion of a stable solution 
of the scalar equation dU does fit into the system framework we have been 
using. 

Lemma 8. Let u denote a positive smooth solution of A^n = in M^, 
which satisfies f Ou^-^j'^ < J{A-/)'^ for all 7 G C^{R^). Then {u,v := 
—Au) is a positive solution of (0) with p = 1 which satisfies the finite domain 
notion of stability introduced in RemarkUl 

Proof. Let u satisfy the above hypothesis and set v := —Au. As mentioned 
in the introduction we have v > 0, see [26]. Let -R > and set X := 
H'^{Br) n HI{Br) and define the energy 

where the integrals are over Br and where 7 G X\{0}. Using a minimization 
argument one sees there is some 70 G X\{0} which minimizes E over X\{0}. 
Note that 70 satisfies 

A^7o = Ou^'^-tQ + ei?7o in Br, 

with 7o = A70 = on SBr, and where er > 0. Regularity theory shows 
that 7o is smooth to the boundary. We now let 71 denote a solution of 
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— A71 = |A7o| in Br with 71 = on OBr. Using the maximum principle 
we see that |7o| < 7i and so -E(7i) < -£'(70) and hence 71 is also a minimizer 
of the energy. Hence 71 is also a solution of 

A^7i = eu^~^ji + ErJi in Br, 

with 71 = A71 = on OBr. We also have 71, — A71 > in Br and using 
the strong maximum principle we see these inequalities are strict. We now 
set Cr •= 71 and xr •= ~^7i and note that (r, xr satisfy the desired 
properties. 

□ 
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